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Abstract
We study the Selmer varieties of smooth projective curves of genus at least two defined over Q which
geometrically dominate a curve with CM Jacobian. We extend a result of Coates and Kim to show
that Kim’s non-abelian Chabauty method applies to such a curve. By combining this with results of
Bogomolov–Tschinkel and Poonen on unramified correspondences, we deduce that any cover of P1 with
solvable Galois group, and in particular any superelliptic curve over Q, has only finitely many rational
points over Q.
1 Introduction
When Y is a smooth projective curve of genus g ≥ 2 over a number field F , Faltings’ theorem [Fal83] (formerly
Mordell’s conjecture) shows that the set Y (F ) of rational points is finite.
Even before Faltings, one knew finiteness of Y (F ) under certain conditions. One early strategy, developed
by Chabauty [Cha41], shows that Y (F ) is finite whenever the Mordell–Weil rank of the Jacobian JY = Jac(Y )
is strictly smaller than g. More recently, Kim [Kim05; Kim09; Kim12; CK10] developed a non-abelian version
of the Chabauty method, in which the role of the Mordell–Weil group of the Jacobian is played by a p-adic
manifold called the Selmer variety, which we describe in §2 below. If this Selmer variety has small enough
dimension, one can conclude that Y (F ) is finite. This “dimension hypothesis” is the nonabelian analogue of
the Chabauty condition
rank JY (F ) < g.
While there are many curves that fail to satisfy the Chabauty condition, it is at least plausible to hope that
every curve over every number field satisfies Kim’s dimension hypothesis.
However, verifying the dimension hypothesis has been difficult, apart from certain special classes of curves.
One such class, studied by Coates and Kim in [CK10], is curves whose Jacobians are CM abelian varieties.
Theorem 1.1 ([CK10]). Let Y be a smooth projective curve over Q of genus at least 2 whose Jacobian is a
CM abelian variety. Then Y satisfies the dimension hypothesis, and in particular, Y (Q) is finite.
The goal of the present paper is to generalize Theorem 1.1 to make it apply in slightly greater generality,
and to show how this change can be used to substantially expand the class of curves over Q whose rational
points can be proven finite via Kim’s method. In particular, we get the following corollary from our
Theorem 1.3.
Corollary 1.2. Let Y/Q be a smooth superelliptic curve yd = f(x) of genus at least 2. Then Y (Q) is finite.
Of course, this result is a special case of Faltings’ theorem. However, the non-abelian Chabauty method
is a fundamentally different way of proving finiteness, whose full scope one would like to understand. In
particular, Chabauty methods are more amenable than others to providing explicit upper bounds on the
number of rational points (cf. [Col85; KRZ16; BD18]).
We now state our generalization of Theorem 1.1.
Theorem 1.3. Let Y and X be smooth projective curves over Q of genus at least 2. Suppose there is a
dominant map fK : YK → XK for some finite Galois extension K/Q, and suppose the Jacobian JX of X is a
CM abelian variety. Then Y (Q) is finite.
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Remark 1.4. We do not quite prove the dimension hypothesis for Y itself, but rather for what one might
call a “relative Selmer variety” attached to fK . Our method is in some sense the non-abelian analogue of a
method used in a paper of Flynn and Wetherell [FW99]. In that paper, the authors study certain genus 5
curves Y/Q which admit a dominant map f to an elliptic curve E; however, the elliptic curve, whence also
the map, is defined over a cubic extension K. The proof then proceeds by considering the map from Y to the
Weil restriction of scalars ResKQ E, which is an abelian 3-fold defined over Q; since the rank of E(K) is the
same as that of (ResKQ E)(Q), it suffices to show that E(K) has rank less than 3. Our argument has a similar
structure, utilizing the map afforded by f from Y to the variety ResKQ X. We will state the “real version” of
our theorem, a bound on the dimension of local Selmer varieties, as Theorem 2.1 in §2 below, once we’ve set
up the necessary definitions.
The interest of Theorem 1.3 would be limited without a supply of curves satisfying its conditions.
Fortunately, such a fund of examples is supplied by a theorem of Bogomolov and Tschinkel [BT02] (see
also [BQ17]) which shows that every hyperelliptic curve has an e´tale cover which geometrically dominates a
curve over Q with CM Jacobian. Poonen [Poo05] generalized this theorem to a more general class of curves,
including all superelliptic curves.1 By now it is well-understood that one can control the rational points of a
variety Y by controlling the rational points of the twists of an e´tale cover of Y . This circle of ideas will allow
us to derive Corollary 1.2 from Theorem 1.3.
In §2, we briefly sketch Kim’s nonabelian Chabauty method. In §3, we define certain quotients of the e´tale
and de Rham fundamental groups. In §4, we prove surjectivity of certain maps between fundamental groups.
In §5, we define Selmer varieties and unipotent Albanese maps associated to the algebraic groups of §3, and
we present the key diagram involving Selmer varieties. In §6 and §7, we prove the bounds needed for the
dimension hypothesis, which we prove in §8. Finally, in §9, we combine our results with a theorem of Poonen
[Poo05] to deduce finiteness of Y (Q) for several classes of curves, including hyperelliptic and superelliptic
curves.
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2 A sketch of Kim’s method
The fundamental idea of the Chabauty [Cha41] method is to embed Y in its Jacobian variety JY by the
Abel–Jacobi map associated to a rational point b ∈ Y (F ), then study how the Fp-points of Y (where p is a
prime of F ) interact with the F -points of JY . This is illustrated by the commutative diagram
Y (F ) Y (Fp)
JY (F ) JY (Fp).
(1)
By the Mordell–Weil theorem, JY (F ) is a finitely-generated abelian group of some rank r. In the case where
r < g and p is an unramified prime of F of good reduction for Y , Chabauty proved that the image of Y (Fp)
in the Qp-vector space JY (Fp)⊗Z Qp is dense, while the image of JY (F ) in JY (Fp)⊗Z Qp is contained in the
vanishing of some nonzero form f ; thus Y (F ) lies in the vanishing locus of f in Y (Fp). By the Zariski-density,
f |Y (Fp) is nonzero, so its vanishing locus, whence also Y (F ), is finite.
Although Faltings’ result subsumes Chabauty’s, this method is still of interest: Coleman [Col85] refined
Chabauty’s method to show that, when r < g as above, if p is an unramified prime of good reduction for Y ,
of residue characteristic at least 2g, then
#Y (F ) ≤ Np + 2g(
√
Np + 1)− 1.
1Thanks to Isabel Vogt for informing us of this result.
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In the case where r ≤ g − 3, Stoll [Sto15], Katz, Rabinoff, and Zureick-Brown [KRZ16] extended Coleman’s
method to primes of bad reduction, obtaining a uniform bound (depending only on g and [F : Q]) on the
cardinality of Y (F ) for such curves. This bound is very explicit; for example, when F = Q, the bound is
#Y (Q) ≤ 84g2 − 98g + 28.
Unfortunately, Chabauty’s method does not apply when r ≥ g. Minhyong Kim’s idea (see [Kim05],
[Kim09], [Kim12], [CK10]), motivated in large part by Grothendieck’s anabelian philosophy and the section
conjecture, was to develop a “non-abelian Chabauty” method, in which the Jacobian of Y is replaced by
a geometric object capturing a larger piece of the fundamental group, allowing a version of Chabauty’s
argument to go through even when the rank of JY (F ) is large.
The description of Kim’s method that follows is largely drawn from [Kim09].
Remaining in the abelian context for a moment, we have a cohomological version of the commutative
diagram (1):
Y (F ) Y (Fp)
H1f (GF , Vp) H
1
f (Gp, Vp) Lie(JY )⊗Qp Fp,
where GF and Gp are the absolute Galois groups of F and Fp, respectively; Vp is the Qp-Tate module of JY ;
and H1f denotes the pro-p-Selmer group, i.e., the space of GF -torsors of Vp that are unramified at the good
primes of Y and crystalline at p.
Kim’s non-abelian Chabauty method replaces Vp, which is essentially equivalent to the abelianization of
the geometric (e´tale) fundamental group of Y , with the Qp-pro-unipotent completion (i.e., Malcev completion)
ΠY of the geometric fundamental group of Y . In order to work with schemes of finite type, we truncate after
finitely many steps of the lower central series, and denote by ΠY,n the quotient of ΠY by the (n+ 1)-st level of
the lower central series of ΠY . Kim [Kim09] showed that, for each n ≥ 1, the spaces of torsors H1f (GF ,ΠY,n)
and H1f (Gp,ΠY,n) are represented by algebraic varieties over Qp, called the (global and local) Selmer varieties
of Y .
Likewise, Lie(JY )⊗Qp Fp is replaced with
ΠdRY /F
0ΠdRY .
Here, ΠdRY is the de Rham fundamental group of Y , classifying unipotent vector bundles with integrable
connection [Del89], and the de Rham realization ΠdRY /F
0ΠdRY is the moduli space of “admissible” torsors for
ΠdRY with separately trivializable Hodge structure and Frobenius action [Kim09, Prop. 1]. Restricting to the
Tannakian subcategory generated by bundles of unipotency class at most n, we obtain finite-level versions
ΠdRY,n/F
0ΠdRY,n,
which are represented by algebraic varieties over Qp.
As in the abelian case, there are analogues of the Abel–Jacobi map — which Kim calls the (local and
global) unipotent Albanese maps — fitting into a commutative diagram
Y (F ) Y (Fp)
H1f (GF ,ΠY,n) H
1
f (Gp,ΠY,n) Res
Fp
Qp(Π
dR
Y,n/F
0ΠdRY,n)
locp D
Kim showed that the image of Y (Fp) under the unipotent de Rham Albanese map is Zariski-dense in the de
Rham local Selmer variety. Suppose the image of the localization map logp := D ◦ locp is non-Zariski-dense;
equivalently, there is an algebraic function F on Res
Fp
Qp(Π
dR
Y,n/F
0ΠdRY,n) which vanishes on the image of logp.
Since the image of Y (Fp) is Zariski dense, the pullback f of F to Y (Fp) is nonzero. But the image of Y (F )
in Y (Fp) lies in the vanishing of f , which is necessarily finite; so Y (F ) is finite as well.
Since logp is algebraic, it suffices for the desired non-Zariski-density to prove the following “dimension
hypothesis” for n 0:
dimH1f (GF ,ΠY,n) < dim Res
Fp
Qp(Π
dR
Y,n/F
0ΠdRY,n) (DHn,p)
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More generally, it will suffice in our work to prove this for a certain quotient Ψ of ΠY,n:
dimH1f (GF ,Ψ) < dim Res
Fp
Qp(Ψ
dR/F 0ΨdR) (DHΨ,p)
Such a statement has been proved in several special cases; most relevant to us is the case [CK10] where Y
is projective of genus at least two, F = Q, and the Jacobian of Y is isogenous over Q¯ to a product of CM
abelian varieties. (See [Kim12] for an overview of some contexts where the method has been carried through
successfully.)
In the present work, we weaken one hypothesis on Y : instead of requiring that Y itself have CM Jacobian,
we require only that Y admit a dominant map onto such a curve after extension of the base number field. By
combining this with theorems of Poonen [Poo05] and Bogomolov and Tschinkel [BT02] on the existence of
certain unramified correspondences, we deduce that any curve admitting a map to P1 with solvable Galois
group has only finitely many Q-points. (See §9 for the precise statement.)
Theorem 2.1. Let Y and X be smooth projective curves over Q of genus at least 2. Suppose there is a
dominant map fK : YK → XK for some finite Galois extension K/Q of degree d. Let p be a prime of good
reduction for both Y and X. Let S be a set of primes such that Y and X both have good reduction outside
T = S ∪ {p}. Suppose also that there is a number field L/K and a constant B > 0 (depending on X and T )
such that for all n ≥ 1,
n∑
i=1
dimH2(GL,T , U
n
X/U
n+1
X ) ≤ Bn2g−1,
where UX is the quotient of ΠX by the third level of its derived series. Then for n 0,
dimH1f (GQ,W[n]) < dimW
dR
[n] /F
0W dR[n] , (DHW[n],p)
where W[n] is the quotient of ΠY defined in §3. In particular, the image of logp is non-Zariski-dense, so Y (Q)
is finite.
Remark 2.2. By [CK10, Thm. 0.1], the hypotheses of Theorem 2.1 are satisfied whenever the Jacobian JX
of X is isogenous over Q¯ to a product of CM abelian varieties.
3 Generalities on fundamental groups
3.1 E´tale realizations
This subsection and the one that follows are essentially review of the objects constructed in [Kim09].
We briefly recall the definition of the Qp-pro-unipotent e´tale fundamental group. Let S be a scheme over
a field F of characteristic zero, and let S¯ := S ×SpecF Spec F¯ . Let b ∈ S(F ) be a point. Denote by ΠS the
p-adic unipotent completion [HM03, Appendix A.2] of the geometric e´tale fundamental group pie´t1 (S¯, b). Then
ΠS is a pro-unipotent group scheme over the field Qp, with an action of GF := Gal(F¯ /F ) induced by the
action of GF on S¯.
One can also interpret ΠS as the fundamental group of the Tannakian category Un
e´t
p (S¯) of unipotent
Qp-smooth sheaves on the e´tale site of S¯ with fiber functor eb given by the fiber at b. Indeed, Une´tp (S¯) is
equivalent to the category of unipotent Qp-representations of pie´t1 (S¯, b), which is equivalent to the category of
Qp-representations of ΠS by the universal property of unipotent completion.
Given a geometric point s ∈ S(F¯ ), we have the path torsor
P e´tS (s) = Iso
⊗(eb, es).
If s ∈ S(F ), then P e´tS (s) also has an action of GF .
Given a pro-unipotent algebraic group U , we denote the lower central series U1 = U and Un+1 = [U,Un],
and the derived series by U (1) = U and U (n+1) = [U (n), U (n)]. Also denote Un = U/U
n+1.
Let
US := ΠS/Π
(3)
S
be the metabelianization of ΠS . This is again a pro-unipotent Qp-group scheme with GF -action.
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3.2 De Rham realizations
We will also need the “de Rham realizations” of the above algebraic groups, whose definitions we now recall.
Let L be a field of characteristic zero and let X be a smooth L-scheme. As in [Kim09, §1], let Un(X) be the
Tannakian category of unipotent vector bundles with integrable connection on X.
For each n ≥ 1, let 〈Unn(X)〉 be the full Tannakian subcategory of Un(X) generated by bundles with
connection (V,∇V : V → ΩX/L⊗V) with index of unipotency at most n, i.e., such that there exists a filtration
V = Vn ⊇ Vn−1 ⊇ · · · ⊇ V1 ⊇ V0 = 0
stabilized by the connection ∇V and such that each (Vi/Vi−1,∇V) is a trivial bundle with connection (i.e.,
given by pullback of a bundle with connection on SpecL).
Given an L-scheme S and a base point b ∈ X(L), we have a morphism bS : S → XS and hence fiber
functors
enb (S) : Unn(X ×L S)→ VectS
sending each bundle V in Unn(X ×L S) to the fiber VbS . Let ΠdRX,n be the unipotent algebraic group over L
representing the functor given on L-schemes S by
S 7→ Aut⊗(enb (S)),
the group of tensor-compatible automorphisms of the functor enb (S). Likewise define Π
dR
X as the pro-unipotent
algebraic group representing the functor S 7→ Aut⊗(eb(S)), where eb(S) : Un(X ×L S)→ VectS is the fiber
functor at bS .
Given another point x ∈ X(L), we have path torsors
P dRX,n(x) = Iso
⊗(enb , e
n
x).
Now suppose L = Fp is the completion of a number field F at a prime p of good reduction for X. As
explained in [Kim09, §1], via comparison with the crystalline fundamental group, ΠdRX,n can be equipped with
a compatible Hodge structure and Frobenius action; we will always consider ΠdRX,n with these extra structures.
As in the previous section, let
UdRX,n := Π
dR
X,n/(Π
dR
X,n)
(3)
be the metabelianization of ΠdRX,n.
3.3 Restriction of scalars
Now we come to the main new construction in our paper.
Suppose we are given quasiprojective F -varieties Y and X, a finite Galois extension K/F of degree d, and
a K-morphism fK : YK → XK . Then the restriction of scalars ResKF XK is represented by a quasiprojective
variety [BLR90, Thm. 7.6.4]. By the universal property of restriction of scalars, fK corresponds to an
F -morphism f : Y → R := ResKF XK . Unipotent completion is functorial, so f induces a map
Uf : UY → UR
equivariant for the GF -actions on UY and UR.
Remark 3.1. Unipotent completion commutes with finite products, so since RK ∼= X×dK (the d-fold direct
product of XK with itself), we have a GK-equivariant (but not necessarily GF -equivariant) isomorphism
UR ∼= (UX)×d.
Let W ⊆ UR be the image of Uf , i.e., the smallest subgroup scheme of UR through which the morphism
Uf factors. (This is well-defined by [Mil17, Thm. 5.39].) We expect that in many cases, W is the whole of
UR, but we won’t need this for our argument.
For each n ≥ 1, let W [n] := W ∩ UnR (where UnR is the n-th level of the lower central series of UR, and the
intersection is as subgroup schemes of UR), and
W[n] := W/W
[n+1].
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(We use square brackets to avoid confusion with the lower central series of W itself.) By construction, this
induces surjections
pin : UY,n →W[n]
of unipotent Qp-algebraic groups equivariant for the GF -actions on UY,n and W[n].
Similarly, for the de Rham realization, f induces a map UdRf : U
dR
Y → UdRR whose image we denote W dR.
For each n ≥ 1, let (W dR)[n] := W dR ∩ (UdRR )n and W dR[n] := W dR/(W dR)[n+1], and let pidRn : UdRY,n → W dR[n]
be the induced surjection. These maps are compatible with the Hodge filtration and Frobenius action.
4 Functorial properties of fundamental groups
The following lemma about functorially induced morphisms of unipotent fundamental groups will be useful
later on.
Lemma 4.1. Let L/Qp be an unramified extension. Let f : Y → X be a morphism of smooth irreducible
varieties over L such that, for some dense open X ′ ⊆ X, the restriction f |f−1(X′) : f−1(X ′)→ X ′ is finite
e´tale. Then the induced maps ΠY → ΠX and ΠdRY → ΠdRX of Qp-unipotent e´tale and de Rham fundamental
groups are surjective.
Proof. We proceed by comparison between the e´tale fundamental groups over an algebraic closure of L, the
Qp-pro-unipotent fundamental groups, and the de Rham fundamental groups.
Let y0 ∈ Y and x0 ∈ X ′ be points such that f(y0) = x0, and let y¯0 and x¯0 be geometric points over
y0 and x0, respectively. Let Y¯ , X¯, X¯
′ be the base changes to L¯. By functoriality, we have a commutative
diagram of e´tale fundamental groups
pie´t1 (f
−1(X¯ ′), y¯0) pie´t1 (X¯
′, x¯0)
pie´t1 (Y¯ , y¯0) pi
e´t
1 (X¯, x¯0)
f∗
f∗
in which the vertical maps are induced by restriction of e´tale covers to dense open subschemes. An e´tale cover
of a smooth scheme is smooth, hence connected e´tale covers of smooth schemes are irreducible. Thus, the
restriction of a connected cover to an dense open subscheme is connected, which implies surjectivity of the
vertical maps by [Stacks, Lemma 0BN6]. By Grothendieck’s Galois theory, the image of the top horizontal
map has finite index, hence the bottom horizontal map also has finite index.
Taking Qp-pro-unipotent completions [HM03, Appendix A] gives the morphism of Qp-unipotent e´tale
fundamental groups pi
Qp
1 (f) : ΠY → ΠX , where ΠY := piQp1 (Y¯ , y¯0) and ΠX := piQp1 (X¯, x¯0). Now we need
another lemma.
Lemma 4.2. Let ϕ : H → Γ be a morphism of topological groups whose image has finite index in Γ. Let
k be a topological field of characteristic zero. Then continuous k-unipotent completion induces a surjective
morphism of k-pro-unipotent groups ϕun : Hun  Γun.
Proof. Let γ1, . . . , γn ∈ Γ be representatives of the left H-cosets of Γ. By construction, the image of Γ in
Γun(k) is Zariski-dense in Γun. Since Γ =
⋃n
i=1 γi · ϕ(H), taking Zariski closures, we obtain
Γun =
n⋃
i=1
γi · ϕ(H).
Since k has characteristic zero, Γun is connected, so in fact ϕ(H) = Γun. The image of a homomorphism of
group schemes is closed, so
Γun = ϕ(H) = ϕun(Hun) = ϕun(Hun),
proving surjectivity of ϕun.
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Returning to the proof of Lemma 4.1: The image of f∗ has finite index, so Lemma 4.2 implies pi
Qp
1 (f) is
surjective, proving the first claim.
By Olsson’s non-abelian p-adic Hodge theory [Ols11, Thm. 1.8], there is a comparison isomorphism
ΠdRY ⊗L Bcr ∼= ΠY ⊗Qp Bcr,
and likewise for X in place of Y . Since Bcr is faithfully flat over Qp and L, surjectivity of ΠY → ΠX implies
surjectivity of the map of de Rham fundamental groups
pidR1 (f) : Π
dR
Y  ΠdRX .
This completes the proof of Lemma 4.1.
This same map pidR1 (f) is also given by taking de Rham fundamental groups of the pullback functor
f∗ : Un(X)→ Un(Y ) of categories of unipotent vector bundles with integrable connection.
5 Selmer varieties and unipotent Albanese maps
Here, we describe the e´tale and de Rham realizations of the Selmer varieties, summarizing the relevant parts
of [Kim09]. We also describe the unipotent Albanese maps that act as replacements for the Abel–Jacobi map.
For the remainder of the paper, Y and X are smooth projective curves of genus g ≥ 2 defined over Q,
and there is a dominant map fK : YK → XK defined over K. Let g be the genus of X, and fix a rational
prime p that splits completely in K and is of good reduction for Y and X. Let Vp := TpJX ⊗Zp Qp be the
Qp-Tate module of JX . Let S be a set of rational primes such that X and Y both have good reduction away
from S, and let T = S ∪ {p}. Denote the absolute Galois group of any number field L by GL; let GT be the
Galois group Gal(QT /Q), where QT is the maximal subfield of Q¯ unramified outside T ; and fix an embedding
Q¯ ↪→ Q¯p, which determines an injection Gp := Gal(Q¯p/Qp) ↪→ GQ.
The e´tale realization H1f (GT , UY,n) is the moduli space of G-torsors for UY,n that are unramified away
from T and crystalline at p, and likewise for H1f (Gp, UY,n) with Gp-torsors replacing G-torsors.
The de Rham realization UdRY,n/F
0UdRY,n is the moduli space of torsors for U
dR
Y,n with Frobenius structure
and Hodge filtration that are admissible, i.e., separately trivializable for the Frobenius structure and the
Hodge filtration [Kim09, Prop. 1].
For each n ≥ 1, let j e´t,globn , j e´t,locn , jdRn be the unipotent Albanese maps defined in [Kim09] as follows: Fix
a base point b ∈ Y (Q). Then j e´t,globn (resp. j e´t,locn ) sends each y ∈ Y (Q) (resp. y ∈ Y (Qp)) to the class of the
path torsor [P e´tY (y)] in H
1
f (GT , UY,n) (resp. H
1
f (Gp, UY,n)). Likewise, j
dR
n sends each y ∈ Y (Qp) to the class
of the path torsor [P dRY,n(y)] in U
dR
Y,n/F
0UdRY,n.
We have the following commutative diagram:
Y (Q) Y (Qp)
H1f (GT , UY,n) H
1
f (Gp, UY,n) U
dR
Y,n/F
0UdRY,n
H1f (GT ,W[n]) H
1
f (Gp,W[n]) W
dR
[n] /F
0W dR[n]
je´t,globn j
e´t,loc
n
jdRn
locp
pie´t,globn
D
pie´t,locn pi
dR
n
locp,W D
Here, the vertical maps pie´t,globn , pi
e´t,loc
n , and pi
dR
n are functorially induced by pin. As proved in [Kim09], if
the image of the algebraic map logp,W := D ◦ locp,W — and hence the image of logp := D ◦ locp — is not
Zariski-dense, then Y (Q) is finite.
6 Bounds for local and global Selmer varieties
With the basic setup now in place, we turn to our main goal, which is to show that the image of the global
Selmer variety in the de Rham local Selmer variety is not Zariski dense. This has two parts: giving an upper
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bound for the dimension of the global Selmer variety (filling the role played by the Mordell–Weil group in
classical Chabauty) and giving a lower bound for the dimension of the de Rham local Selmer variety (filling
the role classically played by the genus.)
We begin with a few remarks about the structure of W . As mentioned in Remark 3.1, there is a
GK-equivariant isomorphism of Qp-algebraic groups
UR,n ∼= U×dX,n.
Composing the map W[n] ↪→ UR,n with projection onto the first coordinate UX,n under the above isomorphism
yields a GK-equivariant map
W[n] → UX,n
which is functorially induced by fK : YK → XK , hence is surjective by Lemma 4.1. Counting dimension, we
obtain
dimUX,n ≤ dimW[n] ≤ dimUR,n = d · dimUX,n.
We can also take graded pieces: define Z[n] := W
[n]/W [n+1], which fits into an exact sequence
0→ Z[n] →W[n] →W[n−1] → 0
of Qp[GQ]-modules. Similarly, write Zn(UR), Zn(UY ), and Zn(UX) for the n-th graded pieces (with respect
to the lower central series) of the other algebraic groups. By construction of W[n], we obtain as above a
GQ-equivariant injection
Z[n] ↪→ Zn(UR)
and a GK-equivariant surjection
Z[n]  Zn(UX).
6.1 Lower bounds for the de Rham local Selmer variety
In order to obtain lower bounds for the dimension of W dR[n] /F
0W dR[n] , we will need upper bounds for the
dimension of the filtered piece F 0W dR[n] .
Lemma 6.1. There is a constant A (depending only on X, T , and d) such that, for all n ≥ 1,
dimF 0W dR[n] ≤ Ang.
Proof. Since the p-adic Hodge filtration is defined over Qp, which contains K (because we chose p to be
completely split in K), the GK-equivariant inclusion
W dR[n] ↪→ (UdRX,n)×d
is compatible with the Hodge structures, hence induces an inclusion of Hodge filtered pieces
F 0W dR[n] ↪→ F 0(UdRX,n)×d = (F 0UdRX,n)×d.
By the proof of [CK10, Thm. 2], there is a constant A′ such that dimF 0UdRX,n ≤ A′ng for all n ≥ 1. Thus,
dimF 0W dR[n] ≤ d · dimF 0UdRX,n ≤ dA′ng.
6.2 Upper bounds for the global Selmer variety
In this section, we show that the dimension of the global cohomology space H1(GT ,W[n]) can be bounded by
the dimension of “abelianizations” coming from the graded pieces Z[n], which can in turn be studied using
the Euler characteristic formula.
Lemma 6.2. For all n ≥ 1, H0(GT , Z[n]) = 0.
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Proof. The injection Z[n] ↪→ Zn(UR) induces an injection
H0(GT , Z[n]) ↪→ H0(GT , Zn(UR)).
As explained in [CK10, §3], Zn(UX) has Frobenius weight n. Since p splits completely in K, we have
H0(GK,T , Zn(UX)) = 0 and a Frobenius-equivariant injection
H0(GT , Zn(UR)) ↪→ H0(GK,T , Zn(UR)) ∼= H0(GK,T , Zn(UX))d = 0.
Lemma 6.3. For all n ≥ 1,
dimH1(GT ,W[n]) ≤
n∑
i=1
dimH1(GT , Z[i]).
Proof. By Lemma 6.2, H0(GT ,W[n]) ⊆ H0(GT ,W[n−1]) for each n ≥ 2, so H0(GT ,W[n]) ⊆ H0(GT ,W[1]) =
H0(GT , Z[1]) = 0. By the claim in the proof of [Kim05, Prop. 2] (noting that the proof works without
modification for the filtration W [n], not just for the lower central series), the exact sequence
0→ Z[n] →W[n] →W[n−1] → 0
induces an exact sequence
0 = H0(GT ,W[n−1])→ H1(GT , Z[n])→ H1(GT ,W[n])→ H1(GT ,W[n−1]) δ→ H2(GT , Z[n])
in the sense that H1(GT ,W[n]) is a H
1(GT , Z[n])-torsor over the subvariety of H
1(GT ,W[n−1]) given by the
kernel of the boundary map δ. Thus,
dimH1(GT ,W[n]) ≤ dimH1(GT ,W[n−1]) + dimH1(GT , Z[n]),
and the result follows by induction.
Using Lemma 6.2, the Euler characteristic formula [Mil06, Thm. I.5.1] implies that for each n ≥ 1,
dimH1(GT , Z[n]) = dimH
2(GT , Z[n]) + dimZ[n] − dimZ+[n],
where Z+[n] denotes the positive eigenspace of the action of complex conjugation on Z[n]. So to bound
H1(GT , Z[n]), we can work instead with H
2(GT , Z[n]) and Z
+
[n].
We now turn to the problem of bounding the dimension of H2(GT , Z[n]).
Lemma 6.4. Suppose there is a number field L/K and a constant B (depending only on X and T ) such
that, for all n 6= 1,
n∑
i=1
dimH2(GL,T , Zi(UX)) ≤ Bn2g−1.
Then for all n ≥ 1,
n∑
i=1
dimH2(GT , Z[i]) ≤ dBn2g−1,
where d = [K : Q].
Proof. Since GL,T ≤ GT is a subgroup of some finite index m, we have a corestriction map
H2(GL,T , Z[i])→ H2(GT , Z[i])
for each i. Precomposing corestriction with restriction yields multiplication by m. Since Z[i] is a divisible
abelian group, multiplication by m is an automorphism, so the above corestriction map is surjective, and it
suffices to bound dimH2(GL,T , Z[i]).
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By the semisimplicity theorem of Faltings and Tate, the Qp-Tate module Z1(UX) = Vp = TpJX ⊗Zp Qp
is a semisimple GL-representation. Hence, (V
⊗i
p )
⊕d is semisimple. As in [CK10], we have a surjection
V ⊗ip  Zi(UX) which splits, realizing Zi(UX) as a direct summand of V ⊗ip .
We also have an inclusion of Qp[GL,T ]-modules
Z[i] ↪→ Zi(UX)⊕d.
But Zi(UX)
⊕d is semisimple, so Z[i] is in fact a direct summand. Since cohomology preserves direct summands,
it follows that
dimH2(GL,T , Z[i]) ≤ d · dimH2(GL,T , Zi(UX)).
Summing the above over all 1 ≤ i ≤ n, we are done.
Remark 6.5. Suppose the Jacobian JX of X is isogenous over Q¯ to a product of CM abelian varieties. Then
there is a number field L/K such that:
• The complex multiplication and decomposition of JX are defined over L;
• K(JX [p]) ⊆ L; and
• the image Γ of the associated Galois representation
ρL : Gal(L¯/L)→ GL(Vp)
is isomorphic to Zrp for some integer r.
By [CK10, Thm. 1], there is a constant B (depending on X and T ) such that
n∑
i=1
dimH2(GL,T , Zi(UX)) ≤ Bn2g−1,
so the conclusion of Lemma 6.4 holds. In this case, Vp is isomorphic as a GL-representation to a direct sum
of characters, so we also do not need to appeal to the semisimplicity theorem in the proof of Lemma 6.4. (In
particular, the results of §9 do not rely on the semisimplicity theorem.)
7 Bounding the invariants of complex conjugation
We need a lower bound on the dimension Z+[i], the subgroup of Z[i] on which complex conjugation acts as the
identity. We begin with a combinatorial lemma.
Lemma 7.1. Let k be a field not of characteristic 2. Let V be a k-vector space of finite dimension m. Let
c : V → V be a linear involution which is not multiplication by ±1. Then
lim
n→∞
dim Symn(V )+
dim Symn(V )
=
1
2
.
Proof. Define an = dim Sym
n(V )+ − dim Symn(V )−. Since dim Symn(V ) = (n+m−1m−1 ), which is a polynomial
in n of degree m− 1, it suffices to show that to show that an = O(nm−2). Write m+,m− for the dimension
of the +1 and −1 eigenspaces of c on V . Then we have a generating function identity
∞∑
n=0
ant
n = (1− t)−m+(1 + t)−m− =
m+∑
i=1
Ai
(1− t)i +
m−∑
i=1
Bi
(1 + t)i
,
where Ai, Bi ∈ Q are given by partial fraction decomposition. The power series coefficients of (1± t)−i are of
order O(ni−1), so an = O(nmax{m
+,m−}−1). Since max{m+,m−} < m, we have an = O(nm−2), completing
the proof.
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Remark 7.2. Lemma 7.1 is equivalent to the following combinatorial statement: Suppose we have a ≥ 1
labelled bins colored blue, b ≥ 1 labelled bins colored green, and n indistinguishable balls. Then for n 0,
out of all the ways to place the n balls into the a+ b bins, approximately half result in the total number of
balls in green bins being even.
Coates and Kim [CK10, proof of Cor. 0.2, pp. 847–848] prove the special case of Lemma 7.1 where a = b,
in which case there are additional symmetries that simplify the problem.
Lemma 7.3. There is a constant C > 0 (depending only on X and T ) such that, for all n ≥ 1,
n∑
i=1
dimZ+[i] ≥ Cn2g.
Proof. Let c ∈ GQ be a complex conjugation. We may choose a Qp-basis f¯1, . . . , f¯2g(Y ) of Z1(UY ) (in other
words, of the Qp-Tate module of Y ) such that c(f¯i) = ±f¯i for each i = 1, . . . , 2g(Y ). Let f˜i be lifts of f¯i to
UY . Recall the GQ-equivariant map
Uf : UY →W.
Let fi := Uf (f˜i).
We also have a surjective homomorphism W  UX . Recall that the Galois action on W was defined to
be the one inherited from the Galois action on UY ; since the map Y → X is defined only over K, the map
UY → UX , whence the map W → UX , is equivariant only for the Galois group GK , not the whole of GQ.
In particular, if K is not totally real, the map from W to UX is not equivariant for complex conjugation.
We will see that this doesn’t matter; using the purely combinatorial Lemma 7.1, we can lower-bound the
conjugation-invariant part of Z[i] using only the group structure of W , no matter what the action of c is, as
we now explain.
After reordering f1, . . . , f2g(Y ) if necessary, we may assume that f1, . . . , f2g project to a basis a1, . . . , a2g
of Z1(UX). The projection of fi to Z1(W ) is an eigenvector for c; again reordering if necessary, we may
assume the eigenvalue is +1 for i = 1, . . . , s and −1 for i = s+ 1, . . . , 2g.
Let L ⊆ Lie(W ) be the Lie subalgebra generated by f1, . . . , f2g, and let Ln denote the n-th level of the
lower central series of L. Let L[n] be the subspace of Z[n] generated by L
n. The homomorphism W  UX
induces a homomorphism L[n]  Zn(UX). By [CK10, proof of Cor. 0.2, p. 847], a basis for Zn(UX) when
n ≥ 2 is given by elements of the form
[. . . [ai1 , ai2 ], ai3 ], . . . ], ain ]
with i1 < i2 and i2 ≥ i3 ≥ . . . ≥ in. In particular, this means the elements
[. . . [fi1 , fi2 ], fi3 ], . . . ], fin ]
are linearly independent in L[n]. Note that c acts on such an element by ±1; more precisely, it acts as (−1)k
where k is the number of the i1, . . . , in which are greater than s. Write Vn < L[n] for the space spanned by
the elements above.
We now consider three cases.
If s = 2g, then c acts as 1 on Vn. So dimV
+
n = dimL[n], which is bounded below by Cn
2g−1 for all n.
This proves the lemma in this case.
If s = 0, then c acts as −1 on Vn. So dimV +n = dimL[n] for all even n, and the lemma follows again.
Now suppose 0 < s < 2g. Consider the space V1,n < Vn spanned by
[. . . [f1, fi2 ], fi3 ], . . . ], fin ].
This basis for V1,n is naturally in bijection with the set of monomials xi2 . . . xin of degree n−1 in the variables
x1, x2, . . . , x2g; thus dimV1,n is on order n
2g−1 as n grows. A basis for V +1,n is given by those monomials
whose total degree in x1, . . . , xs is even. Lemma 7.1 tells us precisely that
dimV +1,n = (1/2) dimV1,n + o(dimV1,n) ≥ Cn2g−1
Once again, the lemma follows.
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8 Proof of Theorem 2.1
Our goal is to prove that, for n sufficiently large,
dimH1f (GT ,W[n]) < dimW
dR
[n] /F
0W dR[n] .
Recall that H1f (GT ,W[n]) is a subvariety of H
1(GT ,W[n]); it thus suffices to bound the dimension of the
latter variety, which by Lemma 6.3 and the Euler characteristic formula is bounded above as follows:
dimH1(GT ,W[n]) ≤
n∑
i=1
(
dimZ[i] + dimH
2(GT , Z[i])− dimZ+[i]
)
= dimW[n] +
n∑
i=1
dimH2(GT , Z[i])−
n∑
i=1
dimZ+[i].
By Lemma 6.4, the contribution of
∑n
i=1 dimH
2(GT , Z[i]) is O(n
2g−1). By Lemma 7.3, we know∑n
i=1 dimZ
+
[i] is bounded below by a multiple of n
2g. Putting these facts together, we have
dimH1(GT ,W[n]) ≤ dimW[n] − Cn2g
for some C > 0.
On the other hand, by Lemma 6.1, we have
dimF 0W dR[n] = O(n
g)
Thus, for n large enough, we have
dimH1f (GT ,W[n]) ≤ dimH1(GT ,W[n]) < dimW[n] − dimF 0W dR[n] = dimW dR[n] /F 0W dR[n]
which is the desired result.
Remark 8.1. The difficulty in applying the same technique over a number field F other than Q is that
dimZ[n] − dimZ+[n]
in the Euler characteristic formula is replaced with∑
v real
(dimZ[n] − dimZ+,v[n] ) +
∑
v complex
dimZ[n],
where the sums are over the real and complex places of F , and Z+,v[n] is the 1-eigenspace of the complex
conjugation associated to a real place v. For our argument to go through, this sum needs to be strictly
smaller than dimZ[n]. Obviously this is impossible if K has a complex place, and even if K is totally real,
the summands corresponding to real places should have size about (1/2) dimZ[n] for large n, which blocks
the method from working when K is larger than Q. It would be interesting to see if there were any hope of
making the method work in the “boundary case” where K is a real quadratic extension of Q.
This is not merely an artefact of the “abelianization” that replaces W with its graded pieces; the long exact
sequence in the proof of Lemma 6.3 shows that this abelianization can add at most
∑n
i=1 dimH
2(GF,T , Z[n])
to the dimension, so dimH1(GF,T ,W[n]) is still too large.
9 Application to superelliptic curves
We now combine Theorem 2.1 with results of Poonen [Poo05] and Bogomolov and Tschinkel [BT02] to prove
finiteness of C(Q) whenever C is a smooth proper curve over Q of genus at least 2 such that there exists a
map C → P1 with solvable automorphism group (e.g., when C is superelliptic).
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Definition 9.1. Given varieties X and Y over a field k, we write X ⇒ Y if, over k¯, there exists an e´tale
cover Z → X and a dominant morphism Z → Y .
Theorem 9.2. Let C be a smooth proper curve over Q such that C ⇒ X for some curve X over Q such
that the Jacobian of X has potential CM. Then C(Q) is finite.
Proof. Since C ⇒ X, there exists an e´tale cover pi : Y → C and a dominant morphism f : Y → X defined over
Q¯, and hence over some Galois extension L/Q of finite degree m. Let Y1, . . . , Ym be the Galois conjugates of
Y , and let Z be a connected component of the Q-scheme Gal(L/Q)\(Y1 unionsq · · · unionsq Ym). Then Z is a connected
(but not necessarily geometrically connected) finite e´tale cover of C defined over Q. Let Z˜ → Z → C be the
Galois closure of the connected e´tale cover Z → C.
By the Chevalley–Weil theorem [Ser89, §4.2] there is a finite set of twists Z˜τ/Q, each with a Q-rational
map piτ to C, such that C(Q) is covered by piτ (Z˜τ (Q)). (See e.g. [Vol12, p. 2].) Let {W1, . . . ,Wν} be the set
of all connected components of the twists Z˜τ such that Wi(Q) is nonempty. By [Stacks, Tag 04KV], each Wi
is geometrically connected.
Each Wi is a smooth, proper, geometrically connected curve over Q with a dominant Q¯-morphism to X.
Because X has potential CM, the theorem of Coates–Kim [CK10, Thm. 0.1]) implies that the hypotheses of
Theorem 2.1 hold for each Wi. Hence, Wi is finite for all i, so C(Q) ⊆
⋃ν
i=1 pi
τ (Wi(Q)) is also finite.
Let C6 be the smooth projective model of the curve with affine equation y
2 = x6 − 1.
Theorem 9.3 ([BT02]; [Poo05], Thm. 1.7, Cor. 1.8). Let C be a curve of genus g(C) ≥ 2 over an algebraically
closed field of characteristic zero. Let G be a subgroup of Aut(C). Let D = C/G, and assume D is of genus
g(D) ≤ 2. Suppose also that at least one of the following holds:
(1) g(D) ∈ {1, 2}.
(2) G is solvable.
(3) There are two distinct points of D above which the ramification indices are not coprime.
(4) There are three points of C above which the ramification indices are divisible by 2, 3, `, respectively,
where ` is a prime with either ` ≤ 89 or
` ∈ {101, 103, 107, 131, 167, 191} .
Then C ⇒ C6.
Corollary 9.4. Let C be a smooth projective curve over Q of genus at least 2. Suppose CQ¯ satisfies the
hypotheses of Theorem 9.3. Then C(Q) is finite. In particular, if C is a smooth superelliptic curve yd = f(x)
of genus at least two, C(Q) is finite.
Proof. Immediate from Theorem 9.2, Theorem 9.3, and the fact that the Jacobian of C6 is isogenous to
the product of elliptic curves y2 = x3 − 1 and y2 = x3 + 1, which both have CM by the ring of integers of
Q(
√−3).
Remark 9.5. In [BT07, Conj. 3.1], Bogomolov and Tschinkel conjecture that C ⇒ C ′ for any smooth
projective curves C and C ′ over Q¯ of genus at least 2. If this conjecture is true, our method applies to show
finiteness of C(Q) for every such curve C over Q.
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